A linear programming model for optimally assigning diameters to a gas pipeline network is discussed. Computational results for a real life situation are presented, and certain properties that have to be satisfied by an optimal assignment are derived.
The pipeline diameters will determine the pressure drops between the plant and each of the wells. The constraints on the diameters are caused by the restriction that these pressure drops are not allowed to exceed a certain limit: the gas has to arrive at the plant at a certain pressure and there is a maximum for the pressure at which the gas can be delivered at the wells. The diameters are selected from a finite set of possible diameters, for each of which the cost per mile is given. But it is possible for a link to consist of sections of different diameters connected in series.
It will be assumed throughout this paper that the network under consideration is a tree; in other words, that it contains no meshes. The justification for this restriction can be found in [2] , where it is proved that under certain reasonable conditions the optimal configuration is a tree network.
This study was initiated by an investigation of the Moomba gasfield in the desert centre of Australia; the Delhi Corporation provided us with the necessary data.
The paper presents a linear programming model for the diameter assignment problem which results in an efficient algorithm for finding the optimal diameters; computer time for handling a real world situation is a few seconds. In addition some properties of optimal diameter assignments are derived.
(i) At most two pipe sizes are used for one link.
(ii) Under fairly general conditions the following result holds: if for any link two pipe sizes are used, then they must be of consecutive sizes.
(iii) If the specific gravity of gas is the same for all wells then there exists an optimal diameter assignment in which diameters do not decrease in the direction of flow.
Papers that deal with pipeline construction are Rothfarb et al. [5] and Zadeh [7] . They, however, consider an offshore pipeline system, for which junctions other than at existing well rigs are not possible and only one time period. Both Rothfarb et al and Zadeh use for the optimal assignment of diameters a dynamic programming approach and Zadeh has also used a minimum cost flow approach.
Basic concepts and definitions

Flow formula
In the design of gas pipeline networks the formula used to describe the flow of gas through pipelines is of vital importance. There exist empirical formulae giving the pressure square drop per unit length of pipe as a function of flow, specific gravity and diameter: [3] Diameter assignment 131 where q = rate of gas flow, J = specific gravity of flowing gas, / = length of the pipe, d = internal diameter of the pipe, pp = pressure square drop between the ends of the pipe. All variables q, s, d, pp and / are nonnegative. We are not going into the experimental details of deriving the formula / . We assume t h a t / i s a given monomial:
where M, a v o^ a 3 are positive constants. The value of M depends upon the units of measurement used.
Of the existing empirical formulae, we have used, for our numerical computations, the Weymouth formula which is popular for the range of pressures we have to deal with.
The value of M, for the units we use, is given with the computational results.
To maintain generality, we will, where possible, use the general form (2) of the monomial/instead of the specific formula (3).
Tree networks
The elements of a tree network are: A: The nodes of the tree, which can be classified as follows:
(1) the set N f = {0,1, ...,m) which includes the plant (0) and the wells; (2) the set N s of extra junction nodes where different pipe sections are joined together.
We define N=N,uNandN = N\{0}. 132 Sita Bhaskaran and Franz J. M. Salzborn [4] and
denotes the set of extremal nodes of the tree. Note that 6<=N f : all extremal nodes are wells. The diameters of each link of the network are selected from a finite set:
For each deD a cost per unit length C(d) is specified. C{d) is always a monotonically increasing function of d.
Finally, we define
the length of link /. The values of /(/) can be calculated directly from the given data.
Flows and pressures
The following values are given: P o -a fixed pressure at which the gas must be delivered at the plant, and P 1 -the maximum pressure at which gas can be provided at the wells. Let a period of Tyears be considered. For year t, t = 1,2, ...,T, we define: and the specific gravities are
s(i,t) = S(i,t), if 16 0, s(i,O = [ 2 (sU,t)qU,t))+S(i,t)Q(i,t)]/[ S q jeBU)
The pressure constraints the network has to satisfy are the upper bound on pressure square drop. By (1), the pressure square drop on link (a(i),i), in year t, of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0334270000002009 [5] Diameter assignment 133 is given by
As lengths, flows and specific gravities are given quantities, the diameter of a link determines the pressure square drop. The diameters have to be chosen such that for every extreme node ie 6,
where 0 = /", / ls ...,i k = i is the path linking i with 0. Because the network is a tree with the plant / = 0 at its origin, each of the other nodes can be reached from 0 by exactly one path.
Linear programming model
Instead of requiring the entire length of a link to be of the same diameter, we can assign to a link sections of different pipe sizes connected in series. The model we now present has the facility to do this.
The decision variables are defined as (1) and (2) we can express the pressure square drop on link (^_ 1( ij) in terms of the variables 8(d, ij) as follows:
As the quantities r{ij, t) are known, the pressure constraints can be expressed as linear constraints in the S's:
We get one such constraint for each ie 6 and for each te{l,..., T 134 Sita Bhaskaran and Franz J. M. Salzborn [6] The total cost of the network can also be expressed linearly in the S's:
ieN deD
An optimal diameter assignment is therefore found by solving the linear program: Minimize (7) under the constraints (5) and (6) . We will call this linear program LP. The number of variables in this program is the number of links multiplied by the number of possible diameters. The number of constraints is the number of extreme nodes multiplied by the number of years considered. If each link is required to have one diameter over its whole length then we must add the constraint:
8(40 = 0 or 1 and the problem turns into a 0-1 program. We call this integer program IP.
Moomba gas field: computations
The models have been tested on data from the Moomba gas field in the South Cooper Basin in the desert of Australia. This gas field, consisting of 13 gas wells, is being developed and is spread over an area of about 4000 square miles. A map of the gas wells is given in Fig. 1 . A network of pipes has to be constructed to [9]
Diameter assignment 137 transport gas from the wells to the factory prior to entry into a trunk main for onward transmission. The critical gas wells which are now under active consideration are the wells numbered 0 to 8. We restrict our computational results to this section of the gas field. The data relating to the Moomba field are given in Tables 1, 2 gas compositions for the various wells and the specific gravities of the components are given in Table 2 . The specific gravity of emerging gas is the weighted specific gravity of the components.
The pressure limits P o and P x are given to be 1115 and 1185 lb/sq. inch respectively. There are 19 pipe sizes, each size being characterized by its internal diameter and the associated cost per mile. This is given in where T is absolute temperature of flowing gas (°F + 460), T s is standard absolute temperature, P a is standard pressure (lb per sq. inch absolute). These constants are in our case T s = 520, T = 560 and P s = 14.65. The computer we use is a C.D.C. Cyber 173.
Results for linear and integer programming models
To solve the linear program LP and the integer program IP, we used APEX III, a large Control Data Corporation Linear Programming package at the University of Adelaide. APEX III has mixed integer facilities and uses a branch-and-bound technique for integer programming. We solved both LP and IP, for a wide variety of trees, both for T = 1 (the year 1986) and also for T = 10 (the period 1980-89).
We would like to mention here that for all optimal diameter assignments we obtained by solving LP, diameters never decreased in the direction of flow.
Example 1
The tree is given in Fig. 2 . Table 4 gives the cost of this tree and the time taken by the programs when T = 1 and when T = 10. The lengths of the links and the various diameters assigned by the various programs are given in Table 5 . Tables 6 and 7 give the corresponding results for the tree in Fig. 3 . For using APEX III the data have to be in MPS format as required by the system and this involves calculating the various coefficients in the linear programming model. Thus a matrix generator program has to be used to solve LP and IP. The time taken for matrix generation varies between 1 and 2 sec for T = 1, and between 3 and 10 sec for T= 10. This time is not included in the execution times given in the tables. In example 2, the one with the most variables, we only have 133 variables; even much larger problems can be solved, when considering the LP only, which is usually all that is required in practice. Neither storage space required nor computation time appears to be a difficulty in applying this model to practical situations.
Properties of an optimal diameter assignment
Although the computer program described in the previous sections will produce the optimal set of diameters, it may be useful to gain some insight into the characteristics of an optimal assignment. In this section we therefore state and prove some generally valid properties, which seem to us to be of importance.
We Consider the link (a{j),j) and the corresponding optimal diameter selection {8*(d,j)}. We will show that the set
{deD\8*(d,J)*0}
contains at most two elements.
The average diameter d of the link is given by Because the cost row is not proportional to either of the constraint rows, the minimum cannot occur at a non-basic feasible solution of (8). Hence, the minimum occurs only at a basic feasible solution of (8 The proof of this property, which has been omitted to limit the length of the paper, can be found in [1] .
Conclusions
The algorithm presented here provides an efficient method for finding optimal diameters for a gas pipeline problem and can handle networks of a practical size with little effort. It can therefore be used repeatedly and one can experiment with a large number of trial geometries for the network. The algorithm will give the best diameter and the minimum cost for the geometry considered in a few seconds.
Of course one would like to have a method, other than trial and error, to help in finding the best geometries. An efficient algorithm to find the optimal location of junction points is discussed in [2] ; however, the configuration problem is still largely unsolved.
Pipelines are not usually built all at the same time, but over a period of time, as the wells come on stream. The approach used in this paper, to consider the whole pipeline system simultaneously, is therefore a bit unrealistic. Some of the costs are incurred in the future, and one may think of discounting them; it may be cheaper to install two parallel pipes at different times instead of one broader pipe right in the beginning; in general, the whole question of timing the construction of the network has then to be considered. It might also then be economical to install compressors at strategic points in the network to boost the pressure of gas. This gives rise to problems that need quite different models and solution methods to those presented here. But it may well be that the complexity then becomes such that any attempts to apply mathematical optimization techniques will produce few practical, meaningful results.
